Introduction
The solid state thermoelectric (TE) technology has gained significant attention due to its wide applications in waste heat recovery and thermal management applications , at 800 K 10 . This complicated material physics and temperature dependency of the properties of β-Cu2Se make the study of this material challenging theoretically and experimentally. Despite the challenges involved in studying this material, several authors reported the structural and thermo-physical properties using experiments 10, 11, 20 . However, the anomalous structural and thermo-physical properties associated with the thermal structure evolution and related physics are not clearly understood. The atomistic simulations are very useful in this case to explain the related physics of the system. Kim et al. 20 used ab-initio molecular dynamics (MD) simulations to study the structural evolution of β-Cu2Se. To predict macroscopic properties of a system using molecular dynamics simulations one needs to consider system of large size. The ab-initio simulations are computationally expensive and performing simulations of large system size is difficult. The MD simulations using molecular mechanics potential model are useful to perform simulations of such a large system size. However, to reproduce the properties of the system accurately using molecular mechanics MD simulations the potential model should be accurate enough. So far, no interaction potential is reported for β-Cu2Se, which is necessary to study the structural and transport properties using MD simulations.
In this paper we have reported a potential model for β-Cu2Se, which reproduces the structure and thermophysical properties accurately. The temperature dependency of the CTE and heat capacity are well reproduced using the derived force-field. Furthermore, to attain an understanding of the change in the properties associated with the change in the thermal structure of β-Cu2Se, we have performed MD simulations in the temperature range of 500-1000 K. The average structure of the system is analyzed by computing the radial distribution function (RDF) of the Cu-Cu, Cu-Se and Se-Se pairs. Finally, the thermodynamic properties, free energy and excess entropy, are evaluated to understand the mechanism responsible for anomalies in the structural and thermo-physical properties of β-Cu2Se.
Model and Methodology

Model for β-Cu2Se Interatomic Potential
In this work, we have developed the interaction potential model for β-Cu2Se. To model the potential parameters for β-Cu2Se, we use a two body potential model to account for the interactions between the pair of atoms i and j. The potential form also consists of a coulumbic term, which accounts for the longrange electrostatic interactions. The two body potential we chose is the Morse potential, which is shown to be a good approximation to predict vibrational properties of materials. Similar type of potential was also used successfully to model thermoelectric materials like, Bi2Te3 21 , Mg2SiSn 22 and MoS2
23
. The potential model used in this study is expressed in the form of equation (1), which is shown below.
where, Eij, is the interaction energy of a pair of atoms, i and j, (which are atomic indexes and is either a Cu or a Se atom). D, a, r0, C and ε are the model parameters. Here, qi and qj are the charges of the ions considered in this model.
Method for evaluation of potential parameters
The potential model for the Cu2Se system is derived by fitting potential parameters to various reference structures and corresponding total energies obtained using DFT calculations. To derive the potential parameters, we optimize the model parameters until the calculated and the reference energies are as close as possible, which is performed by minimizing the following function using method of least square fitting:
where Nobs is the number of observables, F is the sum of squares, fi calc and fi obs are the calculated and the observed values, and wi is a weighting factor. The procedure to estimate the potential parameter is performed using the GULP program 24, 25 .
(a) Observables for β-Cu2Se potential fitting
The observables used in the fitting procedure are the total energies of the β-Cu2Se obtained by varying the lattice parameter around its equilibrium value, while preserving the bulk symmetry of the structure. To generate the data, we have performed DFT calculations using a unit cell containing 12 atoms. The FCC unit cell constructed using the crystallographic data (see Table 1 10, 11 .
Lattice constant (Å)
5.864 The technical details of the DFT calculations are given in the next section. Unit cells of different volume are generated by varying the lattice parameter around the experimental unit cell parameter. The equilibrium lattice parameter used to generate the structures is 5.864 Å. We have calculated the total energies for lattice constants varying from 5.104 to 6.604 Å.
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(b) DFT calculations
We used DFT within the full potential linear augmented plane wave (  FPLAPW lo ) method in a scalar relativistic version as embodied in the 2 WIEN k code 26 . The exchange-correlation ( XC ) potential is solved using the generalized gradient approximation ( GGA ), which is based on exchange-correlation energy optimization. We have used the exchange correlation potential given by Perdew, Burke and Ernzerhof (PBE) 27 . It is well-known that in calculating the self-consistent band structure within DFT, the GGA approximation underestimates the energy band gap by around 10-30 %. This is mainly due to the fact that GGA has a simple form that is not sufficiently flexible to accurately reproduce both the exchange-correlation energy and its charge derivative. As a result, we do not get an energy gap for Cu2Se in the fluorite structure. The Kohn-Sham equations are solved using a basis of linear ' APW s . We have taken RKm = 7.0. The potential and charge density in the muffin-tin ( MT ) spheres are expanded in spherical harmonics with lmax = 10 and/or non-spherical components up to lmax=4. In the interstitial region the potential and the charge density are represented by Fourier series. Self-consistency is obtained using 165 k points in the irreducible Brillouin zone ( IBZ ). The self-consistent calculations are converged since the total energy of the system is stable within 0.00001 Ry.
(c) MD simulations All MD simulations, using the derived force-field, are performed using the LAMMPS code 28 . To study the thermal structure evolution, we have considered a super cell of β-Cu2Se system with a simulation box length of 35.36 Å. The MD simulations are performed at different temperatures from 500-1000 K. First the simulation system is equilibrated for 5 ns at the desired temperature and 1 bar pressure using the isothermal and isobaric ensemble (NPT) simulations. This allows the system to change the simulation box size according to the thermal expansion coefficient at that temperature. After 2 ns of NPT simulations, we have not seen any change in simulation box size with simulation time. The equilibrated structure obtained from the NPT simulations (considered after 5 ns run) is further subjected to the isothermal and constant volume ensemble (NVT) simulations for 2 ns to get the final equilibrated structure pertaining to the desired temperature. Further, the equilibrated structure obtained from NVT simulations is simulated using micro canonical ensemble (NVE) for 2 ns. Finally, the production runs are performed for 1 ns under NVE ensemble to get the desired structural properties. An interaction cut-off of 12 Å is used to account the long-range electrostatic interactions within the system. These electrostatic interactions are taken into account using method of Ewald summation as implemented in LAMMPS code. Standard periodic boundary conditions are employed in all three directions. To perform all MD simulations in different ensembles mentioned above, we have used a time step of 1 fs.
(d) Lattice dynamics simulations
To evaluate the crystal properties like, elastic constants, different modulus, CTE and phonon based heat capacity at constant volume we have used the lattice dynamics code, GULP 24, 25 . The elastic constants are defined as the second derivative of the energy density with respect to strain as shown in the equation below.
Here, Cij are elastic constants, u is the energy and ε is the strain. As minimization of free energy results in the volume expansion of the material 29 , we have used the free energy minimization method implemented in GULP program to calculate the thermal expansion coefficient. The zero internal stress approximation is used to perform these calculations. This is shown to be a good approximation to predict the CTE for the silica polymorphs 30 . The thermal expansion coefficient that is reported in this study is the linear thermal expansion coefficient, which is defined as (Δa/a)/ΔT. Here, a is the lattice parameter and T is the temperature.
The heat capacity is calculated using vibrational partition function, Zvib. The equation form of the partition function is shown below. 
where R is the gas constant and T is the temperature.
Results and Discussions Structural Properties of β-Cu2Se
Initially, to assess the quality of the DFT data, the computed energy-volume data for the β-Cu2Se is fitted to the Birch-Murnaghan equation of state 31 (Brich-EOS) to get the equilibrium lattice constant and bulk modulus. The DFT data and the fit of Brich-EOS to the DFT data are shown in Figure 2 . Figure 2 . Energy-volume data generated using DFT for β-Cu2Se structure. The solid red curve represents the fit to the Brich-EOS.
The bulk modulus and the equilibrium lattice constant obtained using Brich-EOS fitted to the DFT data are 5.838 Å and 80.06 GPa, respectively. The comparison of the data obtained from this work with that of the literature is shown in Table 2 . 
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The lattice constant obtained from the fit is in very good agreement with the experimental lattice constant 10, 11 as well as with the reported DFT based lattice constant 32 . The bulk modulus value is also in very good agreement with the DFT data reported in literature 32 . The error associated with the prediction of the bulk modulus is 1.16 %, when compared with the value reported by Råsander et al. 32 using DFT calculations. Clearly, this shows that the energy-volume data generated using DFT calculations is accurate enough to develop an interatomic potential model for Cu2Se. To this end, we utilized the DFT based energy-volume data of the Cu2Se structure to obtain the force-field parameters using the least square fitting procedure given in model and methodology section. The derived potential parameters for Cu2Se are tabulated in Table. 3. Table 3 : β-Cu2Se potential parameters obtained using the DFT based energy-volume data. In order to assess the quality of the new force-field, first we have calculated the structural parameters of Cu2Se, using the new force-field, and are summarized in Table 4 . We have also performed DFT calculations to calculate the elastic constants and bulk modulus and are given in Table 4 for comparison. It should be noted that the Cu2Se structure experimental data are very scarce. Nevertheless, we have compared the simulation results with the available experimental and theoretical data. The new force-field underestimates the cell parameter by only 0.44% with respect to the experimental data of Liu et al. 10 and Yu et al. 11 This value is also in good agreement with earlier DFT calculation of Mikael et al. 33 using PBE and PBE0 methods, which overestimate the cell parameter of Cu2Se by 0.34% and 0.53%, respectively. The bulk modulus value obtained from the generated forcefield is 89.43 GPa, which is overestimated by 10.40% and 9.09% with respect to the values obtained from PBE and PBE0 functional based DFT calculations, respectively. The calculated bulk modulus value is in very good agreement with the value obtained through DFT calculations in this work. The elastic constants (C11, C12 and C22) obtained using the generated force-field are in good agreement with the values obtained using DFT calculations. The error associated with prediction of C11 and C12 is less than 0.2%, when compared with the DFT values. The C44 is underestimated by 0.8% compared to the obtained DFT value. Furthermore, to evaluate the potential parameters we have also computed the energy-volume data using the generated force-field. The energy-volume data obtained using our force-field is in very good agreement with that obtained from DFT computations, which is clearly evident from Figure 3 . The β-Cu2Se is a thermoelectric material, which exhibits highly temperature sensitive thermo-physical properties. Hence, it is very crucial for the potential to reproduce the temperature dependent properties of the material accurately. To this end, we have computed the coefficient of thermal expansion (CTE) and heat capacity (Cv) at different temperatures using free energy minimization of the structure. The behavior of the heat capacity with the temperature is shown in Figure 4 (a). The Cv values computed within the temperature range of 500-1000 K are in very good agreement with the values reported experimentally by Liu et al. 10 and Kim et al.
20
. The Cv value decreases from the theoretical limit of solid (3NkB) to the liquid (~2NkB) with the increase in temperature. We observe sudden decrease in the Cv at a temperature of 800 K, and this decreasing trend is continued up to a temperature of 850 K. Subsequent increase in temperature i.e., beyond 850 K increase in the Cv value until 925 K is seen. At temperatures higher than 925 K, we observe change in the Cv behavior, which again decreases continuously up to a temperature of 1000 K. It is evident that the decreasing trend in Cv is not continuous with the temperature. Between 875 to 925 K there is an increase in heat capacity, and this type of behavior within the above mentioned temperature range is in agreement with the Kim et al. 20 reported experimental data. Mechanical properties Figure 5 (a) presents the computed elastic constants C11, C12 and C44 at different temperatures. These elastic constants describe the mechanical hardness of the material with respect to deformation. The material that is considered here is a cubic material and stability criteria concern the following equations 34 . The cubic structure is stable if it satisfies the equations given below:
C11-C12 > 0; C44 > 0.
With the elastic constants shown in Figure 5 (a), all the computed elastic constants satisfy the above mentioned equations for the considered temperature range. This shows the structure is mechanically stable structure. With the increase in temperature we found decreasing trend for C11, and C12. This type of behavior is also seen in other thermoelectric material like SnTe
35
. This is an indicative of the loss of material rigidity with the temperature. In case of C44 we found decreasing trend upon increasing the temperature from 500 to 800K. At a temperature slightly higher than 800 K, we observe a jump in the C44 value, and after that the value decreases up to 875 K. Between 875 to 925 again we found increase in C44 value. The behavior of C44 again changes at the temperature range 925-1000K, where it is found to continuously decrease. The sudden increase in C44 at 800 K may be because of the sudden thermal expansion that we have observed in the system. From 825 K to 925 K the decrease and increase in the C44 value may be attributed to the change in diffusion and atomic positional rearrangement of the Cu ion with the temperature. shows the bulk modulus, shear modulus and young's modulus computed at different temperatures. The moduli that are mentioned above are derived from the computed elastic constants C11, C12 and C44. So the change in elastic constants with temperature is also reflected in the computed moduli. The bulk modulus and Young's modulus decrease with increasing temperature. As shear modulus is computed using the C44 36, 37 , its behavior is analogues to that of C44. The shear modulus is found decrease with the increase in temperature up to 800 K. There is a sudden increase in the Shear's modulus at 800 K similar to that seen for C44. The behavior beyond 800 K is also akin to that seen for C44.
(c) Structural properties
In order to understand the structural evolution with the temperature we have computed the radial distribution function (RDF) using the MD simulations, which is useful in describing the average structure of the system. The RDF also allows one to connect the structure with the thermodynamic and transport properties 38 . The computed RDFs for Cu-Cu, Cu-Se and Se-Se pairs at different temperatures are shown in Figure 6 For a perfect crystal structure, the RDF for any pair of atoms is represented as a series of sharp peaks at distinguished positions. In this work the Cu-Cu RDF is expected to be a series of sharp peaks at different positions of Cu atoms. However, the RDFs obtained at different temperatures show broad peak with a wave like nature. This behavior suggests a thermally disordered Cu ion motion within the system. The peaks in the RDF profile are more broadened in nature and reduced in height with increasing temperature. The first peak position in RDF represents the average distance between the selected two atoms. The first peak position of the Cu-Cu RDF at different temperatures i.e., 500, 600, 700, 800, 900 and 100 K are at 2.94, 2.82, 2.82, 2.82, 2.82, and 2.80 Å respectively. This represents the average Cu-Cu bond distance. The obtained average Cu-Cu bond distance at 500 K is 2.94 Å, which is expected bond distance in an ideal symmetry structure of β-Cu2Se 20 . For temperatures greater than 500 K the Cu-Cu bond distance is less than the 2.94 Å. This shows the tendency of the Cu ions to occupy multiple interstitial sites within the material. The peak height at this position is found to decrease with increasing temperature. This indicates the decrease in the local density of Cu ions with respect to the uncorrelated bulk density about a fixed Cu ion. This decrease in peak height with the temperature is also observed for other peaks in the RDF profiles. Moreover, we have also observed the fading of peak split in RDF profile with the increase in temperature at 5.0 and 7.0 Å. At temperatures 900 and 1000 K, the split in the peak of RDF at 7.0 Å completely disappear and a single broad peak is observed in that position. This nature suggests relaxation of the atomic arrangement at those respective positions.
Further, to see the structural arrangement of Se atoms with respect to Cu atoms, we have computed the RDF for Cu-Se at different temperatures and the obtained RDF profiles are shown in Figure 6(b) . The RDF profiles show series of peaks up to a distance of 7 Å. After 7 Å we have seen broad peaks with wave nature. The three series of sharp peaks within 7 Å indicates the Se atoms that form stable coordination shells around a fixed Cu atom. After 7 Å the atoms in coordination shells are not that rigid at their position, as seen in the RDF profiles for the distance less than 7 Å, which results in broadened peaks and wave nature in RDF. The peaks in the RDF profile are slightly broadened in nature and reduced in height with the increase in temperature This broadening indicates the presence of increased disordered atoms with increasing temperature. This is mainly because of the anharmonic thermal vibrations of the atoms. This behavior is similar to that seen for the case of Bi2Te3 thermoelectric material 39 . For all the temperatures the position of the first peak is observed at 2.46 Å. Furthermore, the height of the first peak is found to be decreasing with the temperature, which is also seen in case of Cu-Cu RDF.
In addition, we have also computed the RDF for Se-Se pair at different temperatures and the obtained RDF data is shown in Figure 6 (c). This Se-Se RDF displays a series of peak at all the considered temperature. The peak positions are same, and peak heights are almost constant for the considered temperature range. This indicates the stable Se atom coordination around a fixed Se atom, which is the behavior typically seen in the crystal structures. Thus, it shows a strong tendency of Se atoms to remain in their rigid framework to maintain the crystal structure. The Figure 7(a) shows the CN of Cu atoms around a fixed Cu atom in the first coordination shell. A stable coordination number of 6 is observed for the temperature of 500K (flat region in CN profile). After 500 K we observe fading of stable coordination with the temperature, which indicates the free movement of the atoms. At 1000 K, there is no stable coordination of atoms in the system. The Cu atoms movement without a stable coordination number indicates liquid like behavior, which is consistent with the qualitative understanding obtained using the experiments 10, 11 . In case of Cu and Se, a stable coordination number of 4 is observed at 500 K (see Figure 7(b) ). This coordination number is observed within the distance from 3.0 to 4.2 Å. With the increase in temperature the CN =4 does not change, but the radius of the first coordination shell decreases. At 1000 K we observe CN=4 within the distance from 3.2 to 4.0 Å. This indicates the unstable coordination at temperatures more than 600 K. For Se-Se we observe a stable CN of 12 for all the temperatures considered in this study (see Figure 7(c) ). This confirms rigid movement of Se atoms around their respective lattice positions. Thus, it is clear that within the system the Cu atoms move freely, while the Se atoms remain in their respective lattice positions at higher temperatures.
The RDF and CN analysis show the liquid like behavior for Cu atoms with the increase in temperature. This behavior can also be clearly shown by tracking the atomic trajectories of the atoms in the system. To generate these atomic trajectories, we have collected the unwrapped coordinates of atoms in a regular time interval of 1 ps during the NVE simulations. The trajectories of atoms for 3 ns simulations are shown in Figure 8 . The trajectory of all atoms in the system is shown for 500 K simulations. For higher temperatures, 600-1000 K, zoomed in-view of a small segment of the system is shown for clear understanding. The RDF and atomic trajectories show that the Cu atoms diffuse within the material to access the interstitial positions of Se atomic layers and other nearby Cu atomic positions. In order to understand the interaction behavior of atomic pairs we have computed the potential of mean force (PMF) for the Cu-Cu and Cu-Se pairs. The PMF analysis has earlier been used by Shoko et al. 40 to understand the diffusion behavior of K in Al-doped defect pyrochlore tungstate, which is a thermoelectric material. In this work, the PMF profiles are evaluated, using the RDF data, as The PMF profiles obtained for Cu-Cu pair for all the considered temperatures show three energy barriers with decreasing barrier height within a distance of 6 Å (see Figure 9 (a)). These energy barriers are located at 3.54, 4.74, and 5.7 Å respectively. There are also three energy minima in the PMF profile. The three energy minima are located at 2.94, 4.14 and 5.25 Å respectively. The first minima in the PMF profile (at 2.9 Å) is known as the first contact minima, which shows the free energy change associated with the aggregation of the corresponding atoms. This PMF value at this minimum is also referred as the free energy of aggregation (ΔG) 41 . This position of first contact minima also refers to the equilibrium bond distance between the corresponding atoms. The PMF value for the first minima at 500, 600, 700, 800, 900 and 1000 K are -3.89, -4.12, -4.55, -4.85, -5.02 and -5.12 kJ/mol respectively. This shows the increase in temperature favors the Cu atoms to stay at the first minima. The decrease in free energy is ~29% at 1000 K with respect to the 500 K. The second minima (at 4.14 Å) corresponds to the Se layer separated contact minima for the Cu atoms. The PMF value at the second minima at 500, 600, 700, 800, 900 and 1000 K are -4.17, -4.39, -4.78, -4.97, -5.04 and -5.07 kJ/mol, respectively. This shows that the PMF values at first minima are higher than the values at second minima, which displays the high probability for the atom to stay at second minima position. The energy barrier between the first and second minima (at 3.54 Å) corresponds to the barrier for the Cu atoms to diffuse from one Cu layer to the other Cu layer separated by a Se atom layer. The energy barriers at 3.54 Å for 500, 600, 700, 800, 900 and 1000 K are 13.93, 12.40, 12.40, 11.98, 11.25 and 10.28 kJ/mol respectively. This shows reduction in the barrier height with increasing temperature. The reduction in the energy barrier for 1000 K with respect to the 500 K energy barrier is ~26%. This shows that the increase in temperature favor the diffusion of Cu atoms from the first coordination shell. The second and third energy barriers are less than the first energy barrier observed at 3.54 Å. This indicates that once the Cu atoms diffuse to the second Cu layer, further diffusion of Cu atoms requires much less energy.
It is noted that the computed PMF profiles for the Cu-Se pair show a multiple minima and maxima. The first two minima indicate that the Se atoms are in the first two coordination shells around Cu atom. The two minima in the PMF located at 2.46 Å and 4.86 Å. The PMF values at the first contact minima (at 2.46 Å) for the 500, 600, 700, 800, 900 and 1000 K are -7.59, -8.69, -9.87, -10.93, -11.89 and -12.76 kJ/mol respectively. The decrease in PMF value at the contact minima clearly suggests that the increase in temperature favors the aggregation of Cu and Se atoms. The PMF values at the second minima (at 4.86 Å) for the 500, 600, 700, 800, 900 and 1000 K are -6.38, -7.02, -7.82, -8.42, -8.94 and -9.45 kJ/mol, respectively. This indicates that minimum becomes deeper with increasing temperature, which shows the increased interaction of Cu and Se atoms with the temperature. The first energy barrier, in between the first and second minima, for the 500, 600, 700, 800, 900 and 1000 K is 48.32, 47.32, 50.0, 49.62, 49.12, and 47.96 kJ/mol, respectively. This clearly shows that with the increase in temperature from 500 to 600 K reduces the energy barrier. Further increase in temperature to 700 K increases the energy barrier. At 800 K and 900 K the energy barrier almost equal to the barrier energy at 700 K. At 1000 K we observe 4 % decrease in barrier height when compared to the energy barrier at 700 K. Thus, it is clear that increase in temperature to from 600 K to 1000 K favors Cu-Se interactions.
The free energy of aggregation (PMF value at the first minima) for both Cu-Cu and Cu-Se decreases with the increase in the temperature from 500 to 1000 K (see Figure 10(a) ). This indicates the increase in temperature increases the driving force for the aggregation of both the pairs. For the considered temperature range the free energy of aggregation for Cu-Se pair is more (more negative) compared to Cu-Cu pair, which suggests increased affinity for Cu-Se aggregation compared to the Cu-Cu. The increase in the free energy of Cu-Se interaction with respect to Cu-Cu interaction is not same with increasing temperature. The increase is 100 % at 500 K and 143 % at 1000 K. The increase in driving force for the Cu-Se aggregation is more at high temperatures.
The pair correlation, RDF, based excess entropy estimation for ionic melts and molecular liquids is shown to be accurate enough with less than 10% error 42 . RDF based excess entropy calculations are also shown to be useful in understanding the disordered solids 43 . In this work, we have also computed the excess entropy for the Cu-Se and Cu-Cu system using the following equation, which is shown in Figure  10 The excess entropy is useful to understand the mechanism responsible for the change in the properties of the system. This excess entropy is found to be increasing for both the systems. The excess entropy change associated with the increase in temperature from 500K to 1000 K is 80 J/mol.K for Cu-Cu interactions and 387 J/mol.K for Cu-Se interactions. This shows that the Cu-Se interactions maximizes the entropy and minimizes the free energy (see Figure 10(a) ). From the above discussion, we may conclude that the Cu-Se interactions are more thermodynamically feasible than the Cu-Cu. Furthermore, it strongly suggests that increase in temperature may increase the probability for the Cu ions to diffuse into the Se layer by occupying the Se layer interstitial sites. This qualitative understanding is consistent with the experimentally reported structural analysis of the β-Cu2Se 10, 11, 20 .
Conclusions
In this work, we have developed an empirical force-field for the β-Cu2Se system, which is able to reproduce experimental structural, mechanical and thermophysical properties of β-Cu2Se system. MD simulations are performed to study the structural evolution of the system with the temperature. Within the range of 500 to 1000 K, the average structure of the system is studied using the RDF calculations. RDF analysis shows, liquid like behavior of Cu ions and rigid motion for Se ions around their respective positions. The thermodynamics properties, PMF and excess entropy, are evaluated for the considered temperature range. The computed thermodynamic properties show that the Cu-Se interactions maximizes the entropy and minimizes the free energy. This shows that the Cu ions diffusion into the Se layer to occupy the interstitial positions is more thermodynamically favorable than aggregation with the other Cu ions.
